Two methods for calculating inner products of Schur functions in terms of outer products and plethysms are given and they are easy to implement on a machine. One of these is derived from a recent analysis of the SO (8) proton-neutron pairing model of atomic nuclei. The two methods allow for generation of inner products for the Schur functions of degree up to 20 and even beyond.
INTRODUCTION
Quantum many-particle systems in general carry several degrees of freedom. For example atomic nuclei carry orbital, spin and isospin degrees of freedom. In group theoretical models of these systems (say with n particles), the wavefunctions that correspond to these different degrees of freedom transform according to definite irreducible representations (irreps) of both the spectrum generating group G and the permutation group S n of n objects. These irreps are then coupled such that the total wave functions are completely antisymmetric (if we have fermion systems) or symmetric (if we have boson systems) under permutation of all particles. For recent applications of group theoretical models to fermion and boson systems, see [1, 2] . Therefore, one needs to know how to reduce the Kronecker product of two S n irreps into S n irreps and this gives the Clebsch-Gordon series for the symmetric groups [3] . In group theory this product corresponds to inner product of Schur functions [4, 5] . The S n irreps are labeled by the partitions (λ) = (λ 1 , λ 2 , ..., λ n ) of the integer n. Note that λ 1 ≥ λ 2 ≥ . . . ≥ λ n ≥ 0 and ∑ n i=1 λ i = n. Our purpose in this paper is to give methods for evaluating the Kronecker products of S n irreps with n up to 20 and beyond. Before going further it is useful to mention that the spectrum generating groups G of interest are general linear groups GL(N), unitary groups U(N) and so on [1, 2, 6] .
A powerful tool in the study of the representations of unitary groups and their subgroups including the S n groups, is Schur functions [5, 7, 8] and they are characters of the unitary irreps of unitary groups (also the characters of finite dimensional irreps of general linear groups) [6, 7] . The Schur functions are symmetric homogeneous polynomials in p indeterminates (variables) x = (x 1 , x 2 , ..., x p ) and more importantly they involve a partition (λ) of an integer r having k parts, i.e. (λ) = (λ 1 , λ 2 , . . . , λ k ) such that λ k > 0, p ≥ k and r = ∑ k i=1 λ i . Now a comprehensible definition of the Schur functions {λ} x of degree r, in terms of determinants is [6, 7] where M(λ) is a p × p matrix with elements M i j (λ) = (x i ) λ j +p− j . Littlewood established many properties of Schur functions and they allow us to deal with these functions without using the explicit expression given by Eq. (1) in terms of the variables x. Because of this reason, Schur functions {λ} x are simply denoted by {λ}.
Given two Schur functions {λ} and {µ}, they can be 'multiplied' in three different ways giving: (i) outer product denoted by {λ}{µ} = ∑ ν Γ λµν {ν}; (ii) inner product denoted by {λ} × {µ} = ∑ ν g λµν {ν}; (iii) plethysm denoted by {λ} ⊗ {µ} = ∑ ν Φ λµν {ν}. The outer product gives the reduction of the Kronecker product (sometimes called tensor product) of U(n) irreps {λ} and {µ} into U(n) irreps {ν} and Γ λµν is the multiplicity (or number of occurrences) of the irrep {ν} in the product. Note that here the irreps {λ} and {ν} correspond to partitions (λ) and (µ) for two different integers n 1 and n 2 and {ν} correspond to the partition (ν) for the integer n 1 + n 2 . Similarly the inner product gives the reduction of the Kronecker product of S n irreps labeled by partitions (λ) and (µ) into S n irreps (ν) and g λµν is the multiplicity of the irrep (ν). The third product is called plethysm or symmetrized power and it is explained in [5] [6] [7] [9] [10] [11] . For example say the states of a single particle correspond to the irrep {λ} of U(n). Then with m identical particles occupying these states, the m particle states with permutation symmetry (µ) of S m transform as the irreps {ν} of U(n) and the {ν} are given by the plethysm {λ} ⊗ {µ}. It should be stressed that, although the subject of Schur function multiplications is old, there is recent interest in developing algorithms for these [6, [11] [12] [13] [14] and this is mainly due to the developments in group theoretical models for atomic nuclei.
The coefficients Γ λµν of outer products can be obtained by the well known Littlewood Richardson rules [8, 15] and it is easy develop a computer code using these rules. In addition, recently computer codes are also developed for evaluating plethysms [11] [12] [13] and one of the authors [16] has created a bank of plethysms. On the other hand inner products are more complicated. By definition the g λµν in the inner product are given by the formula [3, 5] 
In Eq. (2) the sum is over the S n classes β, h(β) are their order and χ (λ) (β) their character in the irrep (λ). However this formula is difficult to use in practice for larger integer values n. The three operations, outer product, inner product and plethysm are connected among themselves by relations known in the literature and exploiting this, we will give in this paper two methods for the calculation of inner products for irreps for large n values. One of the methods discussed ahead is developed following a recent study of the SO (8) proton-neutron pairing model of atomic nuclei [1] . In [5] tables for inner products are given for n ≤ 9 only and the methods presented in the present paper allow one to go up to n = 20 and beyond. It should be mentioned that in some special cases, formulas for inner products are available in literature [3, 17] . Also, computer codes in [12, 13] allow one to calculate inner products but it is not clear if these codes allow one to consider partitions of integers up-to 20 and beyond. Now we will give the preview. Section II gives the method based on outer products for calculating inner products. In Section III described is the method that uses both plethysms and outer products. In Section IV we present some examples for n up to 20. Finally Section V gives conclusions.
INNER PRODUCTS OF SCHUR FUNCTIONS IN TERMS OF OUTER PRODUCTS
Our first method (I) uses the following equation, obtained by Littlewood [4, 5] , and it allows us to compute inner products of Schur functions using only outer products,
In Eq. (3), Γ ρσν is the multiplicity of {ν} in the outer product {ρ}{σ} of {ρ} by {σ}. To use this equation say for {µ} × {λ}, one starts by singling out the last non-null part µ t of µ, and then write using Eq.(3),
In the last step we used {µ t } × {λ } = {λ } since {µ t } is symmetric. On the other hand,
Now, equating Eq. (4) and Eq. (6) one obtains
The inner products that appear in the first sum of Eq. (7) are from S (n−µ t ) while those in the second sum are from S n . One can then establish a recursive procedure in which we compute all the S n inner products knowing those of S n−1 , S n−2 , . . . , S 2 . When computing inner products of a given S n irrep {µ} by all {λ} one must be sure that all S n inner products appearing in the second sum of Eq. (7) have already been computed. This is achieved by ordering the irreps {µ} in decreasing order of their length and irreps of the same length being ordered in decreasing order of their parts read from left to right. The procedure then is:
1. Make a table of all outer products with final degree n . This will give the coefficients Γ and the irreps {λ } and {λ } in the first sum in Eq. (7).
2. Make a table of all inner product for S n−1 , S n−2 , . . . , S 2 3. Order all S n irreps in the order described above.
4. For a given {λ}, compute {µ} × {λ} for all {µ} in the order given above using the formula
In Eq. (8) ≺ means preceding following the order in step (3) . Note that the procedure starts with the known result {µ} × {n} = {µ}. Implementing the steps (1)- (4), a computer code has been developed; see ahead for examples. The calculation of inner products and construction of tables have been shortened by use of the well known properties of inner products [3] ,
where { f } T means transposed(or conjugate) of { f }.
INNER PRODUCTS OF SCHUR FUNCTIONS IN TERMS OF PLETHYSMS
Now we will turn to the second (II) method and this makes use of plethysms [5, 7, 9, 18] . From the properties of plethysms one has [5] ,
where the symbol ⊗ means plethysm and the superscripts ' ' and ' ' over the Schur functions indicate that they are defined in different spaces (for example spin and orbital for atoms). If we can compute the LHS of Eq. (10) by other means, the comparison of results will give us the coefficients g λ λ λ of the reduction of the inner product of S n irreps {λ} and {λ} . The result obtained from Eq. (10) can be dimensionally checked using (see Eq. (56) in [11] and also [14] ),
In Eq. (11) dim{ f } r is the dimension of the irrep { f } of U(r). Knowing the multiplicity coefficients g's for all the Schur functions of a given degree n, one constructs a table having in its columns these coefficients. The rows of such a table will give the reduction of the inner products of all Schur functions of degree n. We have recently used this trick in Ref. [1] for two-columns irreps {λ} = {2 a 1 b } that appear in the so called SO(8) model of atomic nuclei and this model describes pairing in LST coupling for nuclei; note that T is isospin. The simplicity here is that it is possible to use the relation (12) and then Eq. (10) becomes
(13) In Eq. (13) all plethysms have only antisymmetric Schur functions as right factors and for them one has the simple result
For example, Eq. (14) has been used in atomic physics (i.e. for fermion systems) in LS-coupling [5] and in nuclear physics while dealing with isospin in LST coupling [1] . Using Eq. (14) in Eq. (13) and performing the resulting outer products, the LHS of Eq. (10) is easily obtained for twocolumns irreps {λ}. Similar to Eqs. (12), (13) and (14), it is possible to obtain for a two rowed irrep { f 1 f 2 }, the plethysm {1} {1} ⊗ { f 1 f 2 } by using the relation (15) and the basic result (used often for boson systems [5, 11] ),
For general irreps {λ} of degree n, it is possible to use the method based on Eq. (10) as it is possible to expand any Schur function {λ} in terms of totally antisymmetric or symmetric Schur functions. This can be implemented in a recursive procedure by assuming that the results for all irreps of the integers 1 to n − 1 are known and then obtain the inner products for the irreps of n. Alternatively one can use a procedure given in [11] to compute plethysms adapted for computing the LHS of Eq. (10) for all {λ} of S n starting with
where use was made of Eq. (16) and the sum is over all S n irreps. Then the procedure is as follows. In the first step (i), find all partitions of n and order them in the order described after Eq. (7). Then in the second step (ii), for each partition {λ} = {λ 1 , λ 2 , . . . , λ t , 0, . . . , 0} perform the outer product {λ 1 , λ 2 , . . . , λ t−1 }{λ t } and then use the equation
where the symbol ≺ means preceding, following the ordering in step (i). Now using Eq. (18) in Eq. (10), this procedure allows us to compute the inner products of all irreps of degree n, by induction, provided the inner products of irreps of degrees 1 to n − 1 are known. In fact, using Eq. (18) we can compute all the inner products of {λ} in the order of step (i), since all the ({1} {1} ) ⊗ {λ } in the RHS have been computed by the induction process.
EXAMPLES FOR SCHUR FUNCTIONS OF DEGREE
As a simple example (this can be worked out by hand calculations), first let us compute the inner product of all Schur functions of degree 4 using the inner products of Schur functions of degrees 1,2 and 3. Eq. (17) gives,
Using {31} = {3}{1} − {4} one obtains
where 'xch terms' means exchange {λ} by {λ} when they are different. Knowing ({1} {1} ) ⊗ {31} we use {2 2 } = {2}{2} − {4} − {31} and obtain,
From {21 2 } = {2}{1 2 } − {31} one obtains,
Finally, {1 4 } = {1 3 }{1} − {21 2 } gives,
Now we order the RHS of Eqs. (19)- (23) in the order
The coefficients of the resulting Eqs. (19)- (23) are used as entries in the columns of a table with columns labeled by {4}, {31}, {2 2 }, {21 2 }, {1 4 } and rows by the pairs {λ} {λ} given above. The rows in this table will give the coefficients of the expansion of {λ} × {λ} . Final results for n = 4 are given in Table 1 .
The methods I and II are implemented on a machine and inner products for n ≤ 20 are obtained. As non-trivial examples, here below given are four examples for the inner products: (i) {5, 4, 2, 1 2 } × {5, 4, 2, 1 2 }; (ii) {11, 5} × {6, 4, 3, 2, 1}; (iii) {15, 3} × {10, 5, 3}; (iv) {17, 3} × {8 2 , 2, 1 2 }. The results are as follows: TABLE I: Inner products for S 4 irreps. The entries in each row give the coefficients of the inner products of the irreps listed in column 1. 
TABLE II: Highest multiplicities for selected inner products. Listed in column 2 are the number of terms in the inner product, in column 3 the highest multiplicity and in column 4 the term with this multiplicity.
